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ON THE DYNAMICS CHARACTERIZATION OF COMPLEX
PROJECTIVE SPACES
MITA BANIK
Abstract. We show that a closed weakly-monotone symplectic manifold of
dimension 2n which has minimal Chern number greater than or equal to n+1
and admits a Hamiltonian toric pseudo-rotation is necessarily monotone and
its quantum homology is isomorphic to that of the complex projective space.
As a consequence when n = 2, the manifold is symplectomorphic to CP 2.
1. Introduction
We show that a closed weakly-monotone symplectic manifold M2n, which has
minimal Chern number N ≥ n+1 and admits a Hamiltonian toric pseudo-rotation
is necessarily monotone and its quantum homology is isomorphic to the quantum
homology of CPn.
There are several definitions of pseudo-rotations, but roughly speaking pseudo-
rotations are Hamiltonian diffeomorphisms with finite and minimal possible number
of periodic points. They have been studied in [GG18a] and the references therein.
By definition, a pseudo-rotation ϕ is toric if at one of its fixed points the eigen-
value of Dϕ satisfy no resonance relations beyond the conditions that they come in
complex conjugation pairs. To be more premise, the requirement is that the semi-
simple part of Dϕ topologically generates an n-dimensional torus in Sp(2n). For
instance, pseudo-rotations obtained by the conjugation method from toric symplec-
tic manifolds are toric. While the toric condition appear generic, in fact the very
existence of a toric pseudo-rotation ϕ imposes strong restrictions on the symplectic
topology of the manifold M . (For example, when ϕ is a toric true rotation, essen-
tially by definition M is toric). Connections between pseudo-rotations and holo-
morphic curves in M have been recently studied in [CGG19a], [CGG19b], [Sh19a]
and [Sh19b]. Our goal in this paper is to further explore the relations between toric
pseudo-rotation and the symplectic topology of M .
In [CGG19a], it has been have shown that the quantum product is deformed
(i.e. not equal to the intersection product) when a weakly-monotone symplectic
manifold admits a Hamiltonian toric pseudo-rotation. We use the tools of extremal
partitions introduced there to find constraints on the minimal Chern number N for
such a manifold and further prove that when N ≥ n+1, the quantum homology is
isomorphic to that of CPn. As a corollary of our result and [OO96], [OO97] when
n = 2, M is symplectomorphic to CP 2.
The organization of the paper is as follows. In section 2, we state the definitions
and the main results. The proofs appear in section 4. In section 3 we briefly recall
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the conventions and preliminaries on symplectic topology and extremal partitions.
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2. Main results
The main goal of this paper is to understand the quantum homology of a weakly-
monotone symplectic manifold, which admits a toric pseudo-rotation.
Definition 1. (Pseudo-rotation) A Hamiltonian diffeomorphism ϕ : M → M is
a pseudo-rotation (over the base field F) if ϕ is strongly non-degenerate i.e. all
iterates ϕk are non-degenerate, and the differential in the Floer complex of ϕk over
F vanishes for all k ∈ N.
Definition 2. (Toric Pseudo-rotations) A pseudo-rotation ϕ of a closed symplectic
manifold M2n is said to be toric if it has a elliptic fixed point x with dimΓ(x) = n.
Here Γ(x) is a compact abelian subgroup of Sp(2n) generated by P˜ , where P˜ is
isospectral to P = Dϕ|x and semisimple. Alternatively, since P is elliptic all the
eigenvalues of P lie on the unit circle. Let ~θ := (θ1, ..., θn) ∈ Tn be the collection of
Krein-positive eigenvalues of P , ref. [SZ92]. The group Γ(x) is naturally isomorphic
to the subgroup of the torus Tn generated by ~θ. Then the above definition of being
a toric pseudo-rotation is equivalent to that the sequence {k~θ | k ∈ N} ⊂ Tn is
dense in Tn.
Let us now state the main results. The conventions and preliminaries have been
reviewed in Section 3. We fix base field F = Z2 for our coefficients.
Theorem 2.1. Assume that a weakly-monotone symplectic manifold M2n admits
a toric pseudo-rotation with minimal Chern number N ≥ n+ 1. Then N = n+ 1,
M is monotone and the quantum homology HQ∗(M) is isomorphic to HQ∗(CP
n).
Remark 2.2. Note that N ≥ n + 1 in all known examples of closed monotone
manifolds and CPn is the only such known manifold with N = n + 1. (However
proving this in the symplectic setting for n > 2 appears to be currently out of
reach). However, in Thm 2.1 the manifoldM is not a priori assumed to be monotone
and thus can have large N . For monotone manifolds admitting a pseudo-rotation,
N ≤ 2n ([CGG19a], [Sh19a]), and N ≤ n + 1 in all known examples of weakly
monotone manifolds with pseudo-rotations. Thus Thm 2.1 establishes in particular
the latter fact for toric pseudo-rotations.
In [OO96], [OO97] Ohta-Ono proved proved that the diffeomorphism type of any
closed monotone symplectic 4-manifold is CP 1×CP 1 and CP 2#kCP 2 for 0 ≤ k ≤ 8
based on the work of McDuff [McD90] and Taubes [Tau00]. We also have the
uniqueness of monotone symplectic structures on CP 1 × CP 1 and CP 2#kCP 2 for
0 ≤ k ≤ 8 (see the survey [Sa13]). The quantum homology HQ∗(M) is isomorphic
to HQ∗(CP
n). Thus, as a consequence of our result and the references presented
above, we have the following corollary.
Corollary 2.3. Assume that a closed connected symplectic 4-manifold with mini-
mal Chern number N ≥ 3 admits a toric pseudo-rotation. Then M is symplecto-
morphic to CP 2. 
ON THE DYNAMICS CHARACTERIZATION OF COMPLEX PROJECTIVE SPACES 3
3. Preliminaries
Throughout the paper we will assume (M2n, ω) to be a weakly monotone closed
symplectic manifold , ref. [HS95]. The minimal Chern number, i.e. the positive
generator of the group 〈c1(TM), π2(M)〉 ⊂ Z is denoted by N .
A Hamiltonian diffeomorphism is the time-one map ϕ = ϕH of the time-dependent
flow ϕtH of a 1-periodic in time Hamiltonian H : S
1 ×M → R.
We briefly discuss the notations and conventions for Floer homology and quan-
tum homology, see [HS95] and [EP08] for more details.
Let H∗(M) := H∗(M,Z2) and H
S
2 (M,Z) be the group of integral spherical ho-
mology classes, i.e. the image of the Hurewicz homomorphism π2(M)→ H2(M,Z).
Set
π¯2(M) = H
S
2 (M,Z)/ ∼,
where by definition A ∼ B iff ω(A) = ω(B) and c1(A) = c1(B). Here ω(−) and
c1(−) are the integrals of ω and c1(TM) over the spherical homology classes.
Denote Γ = [ω](HS2 (M,Z)) ⊂ R the subgroup of periods of the symplectic form
on M on spherical homology classes. Let s and q be formal variables. Define the
field KΓ whose elements are generalized Laurent series in s of the following form:
KΓ = {
∑
θ∈Γ
zθs
θ, zθ ∈ Z2, #{θ > c | zθ 6= 0} <∞, ∀c ∈ R }. (1)
Define a graded ring ΛΓ := KΓ[q, q
−1] by setting the degree of s to be zero and
the degree of q to be 2N . (Note that the latter convention differs from that in
[EP08] where the deg of q is 2.)
The (small)quantum homology ofM is denoted by HQ∗(M). This is a graded al-
gebra over the Novikov ring ΛΓ ([EP08]) and as a ΛΓ-moduleHQ∗(M) = H∗(M)⊗Z2
ΛΓ. The grading on HQ∗(M) is given by the gradings on H∗(M) and ΛΓ :
deg(a⊗ zθsθqm) = deg(a) + 2Nm.
The algebra HQ∗(M) is equipped with quantum product: given a ∈ Hk(M) and
b ∈ Hl(M), their quantum product is a class a ∗ b ∈ HQk+l−2n(M) such that
a ∗ b =
∑
A∈pi2(M)
(a ∗ b)A ⊗ s−ω(A)q−c1(A)/N
where (a ∗ b)A ∈ Hk+l−2n+2c1(A)(M) is defined by
(a ∗ b)A ◦ c = GW Z2A (a, b, c) , ∀c ∈ H∗(M).
Here ◦ is the intersection product and GW Z2A (a, b, c) denotes the Gromov-Witten
invariant.
The Floer complex and the Floer homology are denoted by CF∗(ϕ,ΛΓ) and
HF∗(ϕ,ΛΓ) respectively. Let P˜ (H) be the free Z2-module generated by the set of
capped one-periodic orbits x˜ of H . Consider the free ΛΓ-module P˜ (H)⊗Z2 ΛΓ and
let R be a ΛΓ-sub module of P˜ (H)⊗Z2ΛΓ generated by A#x˜⊗1−x˜⊗sω(A)qc1(A)/N ,
A ∈ π¯2(M).
The grading on ΛΓ and the grading µ on P˜ (H) given by the Conley-Zehnder
index give rise to the grading
deg(x˜⊗ zθsθqm) = µ(x˜) + 2Nm.
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Then deg(A#x˜⊗ 1) = deg(x˜⊗ sω(A)qc1(A)/N ) = µ(A#x˜). Hence we get the graded
ΛΓ-module CF∗(ϕ,ΛΓ) := P˜ (H)⊗Z2 ΛΓ/R and the Floer homology HF∗(ϕ,ΛΓ) is
defined as usual.
For a pseudo-rotation we have the following isomorphisms where the first one is
natural and the second one is due to [PSS96],
CF∗(ϕ,ΛΓ) ∼= HF∗(ϕ,ΛΓ) ∼= HQ∗(M)[−n].
3.1. Extremal Partitions. Fix a path Φ ∈ S˜p(2n) and assume Φ is elliptic and
strongly non-degenerate. We briefly recall extremal partition here, for more details
see [CGG19a].
Definition 3. A partition k1 + k2 + · · ·+ kr = k , ki ∈ N, of length r is said to be
extremal (with respect to Φ) if
µ(Φk1) + · · ·+ µ(Φkr )− µ(Φk) = (r − 1)n,
where µ is the Conley-Zehnder index of the path.
Let x˜ be a capped one-periodic orbit of ϕ; denote x˜ki = x˜
ki which is a capped
periodic orbit for ϕki . The only zero-energy pair-of-pants curve from (x˜k1 , . . . , x˜kr )
to x˜k where k = k1+ k2+ · · ·+ kr, is the constant curve. The moduli space of such
curves have virtual dimension zero and the constant curve from (x˜k1 , . . . , x˜kr ) to
x˜k is regular when the partition k = k1 + k2 + · · ·+ kr is extremal. Therefore,
x˜k1 ∗ · · · ∗ x˜kr = x˜k + · · · 6= 0,
where ∗ denotes the pair-of-pants product in global Floer homology.
The above arguments have been summarized by [CGG19a], in the following
theorem which we recall.
Theorem 3.1. Let x˜ be a capped one-periodic orbit of a pseudo-rotation ϕ, and let
k = k1+k2+ · · ·+kr be an extremal partition of length r with respect to Φ = Dϕt|x˜.
Set αi = [x˜
k
i ⊗ 1] ∈ HQ∗(M). Then |αi| = n+ µ(Φki) and the following holds
α1 ∗ · · · ∗ αr 6= 0.
4. Proofs
The first step in proving the theorem is showing the invertibility of the [pt]⊗ 1
class with respect to the quantum product in HQ∗(M). We begin by establishing
the following lemma.
Lemma 4.1. Let ϕ be a toric pseudo-rotation of M2n with minimal Chern number
N ≥ n+ 1. Then ([pt]⊗ 1)r 6= 0 for all r ≥ 1.
Proof. Let Φ be the linearized flowDϕt|x˜ along a capped orbit x˜ such that dimΓ(x) =
n, i.e. Γ(x) = Tn.
When Φ(1) is semi-simple we can decompose Φ as a product φξ where φ is a
loop and ξ is a direct sum of n “short paths” t 7→ exp(π√−1λt) where t ∈ [0, 1)
and |λ| < 1, ref, [[GG18b], Sect. 4]. We set loop(Φ) := µˆ(φ) where µˆ(φ) is the
mean index, which is twice the Maslov index of φ. For any iteration Φk(1) we have
µ(Φk) = k loop(Φ) + µ(ξk).
All the eigenvalues of Φ(1) are necessarily distinct and in particular Φ(1) is semi-
simple. Therefore, Φ(1)k k ∈ N is dense in Tn. For some l ∈ N, we can choose
ON THE DYNAMICS CHARACTERIZATION OF COMPLEX PROJECTIVE SPACES 5
Φ(1)l to be sum of small rotations exp(π
√−1θi) such that θi < 0 for all i = 1, ..., n
and θi’s are very close to each other. Iterating again to bring exp(π
√−1mθi) close
to 1 ∈ S1. The choice of “m” is such that the loop(Φm) = −2n + d (with 2N |d)
and if λi’s be the end points of the “short paths” in ξ
m then we have λi > 0 and
small. We have
µ(Φm) = −2n+ d+ n = −n+ d.
Also ensuring rmax|λi| < 2 we have,
µ(Φrm) = r(−2n+ d) + n.
And m+ ...+m = rm is an extremal partition since
rµ(Φm)− (r − 1)n = r(−n+ d)− (r − 1)n = r(−2n+ d) + n = µ(Φrm).
Since µ(Φm) = µ(x˜m) = −n (mod 2N) therefore for some element λ ∈ KΓ, x˜m⊗λ =
[pt]⊗ 1 (since N ≥ n+ 1). Thus ([pt]⊗ 1)r 6= 0 by Theorem 3.1. 
Corollary 4.2. Assume that a weakly-monotone symplectic manifold M2n admits
a toric pseudo-rotation and N ≥ n + 1, then [pt ⊗ 1] is invertible and the [pt ⊗ 1]
class satisfies the following conditions:
([pt]⊗ 1)N = [M ]⊗ α, (2)
where α is invertible in KΓ and deg(α) = −2Nn.
Proof. By the previous lemma we have ([pt] ⊗ 1)N 6= 0. We have deg([pt] ⊗ 1)N
=−2n(N− 1) and since N ≥ n+1, therefore ([pt]⊗ 1)N = [M ]⊗α where deg(α) =
−2Nn. The class α is of the form (∑θ∈Γ zθsθ)q−n. Therefore α is invertible since
KΓ is a field. 
The invertibility of the [pt] ⊗ 1 class is crucial to the arguments below. By do-
ing a simple degree analysis we immediately get some obstructions to the minimal
Chern number. For the later part of the theorem invertibility gives us uniqueness
of the homology classes.
Proof of Theorem 2.1
Proof. Let us begin by proving that when a weakly-monotone M2n admits a toric
pseudo-rotation, then N ≤ n + 1. We recall from [CGG19a] that when M ad-
mits a toric pseudo-rotation there is a non zero class u ∈ H2n−2(M) such that
([u]⊗1)r 6= 0 for every r ≥ 1. Since [pt]⊗1 satisfies (2), ([pt]⊗1)∗ ([u]⊗1) 6= 0. By
doing degree computation we see deg(([pt]⊗ 1) ∗ ([u]⊗ 1)) = −2 thus if N > n+1,
then ([pt]⊗ 1) ∗ ([u]⊗ 1) = 0 which is a contradiction.
For the final part of the proof we will show that when N = n+ 1, then
dim(H2n−2i(M)) = 1 for 1 ≤ i ≤ n.
Let us first establish the result for i = n− 1.
Let u1, u2 be two non-zero classes inH2(M), consider ([pt]⊗1)n−1∗([ui]⊗1). Now
deg(([pt]⊗1)n−1∗([ui]⊗1)) = 2n+−2(n+1)(n−1) and ([pt]⊗1)n−1 ∗([ui]⊗1) 6= 0
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since [pt] ⊗ 1 satisfies (2). Therefore ([pt] ⊗ 1)n−1 ∗ ([ui]⊗ 1) = [M ]⊗ λi for some
invertible element λi ∈ KΓ.
Multiplying [pt]2 ⊗ 1 with both sides and using invertibility of α we obtain
[u1]⊗ 1 = [u2]⊗λ−12 λ1. This shows the classes [u1] and [u2] are linearly dependent,
hence the dimension of H2(M) is 1. This also implies that dimH2(M,Z) = 1 and
thus M is monotone.
Let class A0 be the obvious generator for H
S
2 (M,Z). We set q
′ = (s−ω(A0)q−1)
with deg(q′) = −2(n + 1) We will rename q′ by q which is the generator of the
Novikov ring and denote A⊗ α by αA for α ∈ KΓ and A ∈ H∗(M).
Now let us prove the result for i > 1. We have ui 6= 0 with deg(ui) = 2n− 2i.
Let β be another non-zero class in H2n−2i(M), then deg([pt]
i ∗β) = 2n−2i−2ni=
2n− 2i(n+ 1) and thus [pt]i ∗ β = λqiM . By similar arguments as above and us-
ing (2), β and ui are linearly dependent and hence the dimension of H2n−2i(M) is 1.
So by above arguments it follows that HQ∗(M) is generated by u ∈ H2n−2(M).
The identity un+1 = q[M ] readily follows since deg(un+1) = −2 = −2(n+ 1) + 2n,
and the theory of extremal partition asserts the coefficient is 1. This establishes
the isomorphism with that of the quantum homology of CPn. 
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